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Lifting-Surface Theory for V/STOL Aircraft
in Transition and Cruise. II

E. S. LEVINSKY,* H. U. THOMMEN,! P. M. YAGER,! AND C. H. HOLLAND}
Air Vehicle Corporation, San Diego, Calif.

This is the second part of a two-part paper dealing with a large-tilt-angle lifting-surf ace
theory for tilt-wing and tilt-propeller (or rotor) type V/STOL aircraft. Part I presented a
new inclined actuator disk theory and a model for slipstream swirl. In Part II, the inclined
actuator disk analysis is combined with a discrete-vortex Weissinger-type lifting-surf ace
theory for application to wing-propeller combinations at arbitrary wing angle of attack, pro-
peller tilt angle, and thrust coefficient. Configurations with one, two, or four slipstreams are
considered, and effects of slipstream rotation are included in all but the single-slipstream
cases. Agreement between theory and experiment is shown to be satisfactory for small
slipstream inclination angles. However, at large tilt angles, the theory (with an undeformed,
but displaced, slipstream and wake) is shown to predict lower downwash angles in the tail
region than observed from a single set of test data, possibly due to slipstream deformation
and wake rollup. Use of only one-half the calculated wake displacement is shown to give
improved agreement. Insufficient downwash angle data are currently available for making
a general evaluation of the theory at large slipstream angles.
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Nomenclature

propeller area
wing span
section lift coefficient based on qm
section ideal lift coefficient
section normal force coefficient based on slipstream

total pressure [ = n/c(qm -f AH)]
wing chord length
drag force
total pressure
one-half of the vortex spacing on the wing
(-D1/2

propeller advance ratio
number of slipstreams
lift force
number of slipstream control points
normal force per unit span
potential influence function
dynamic pressure
radius of fully contracted slipstream
propeller radius
cylindrical coordinates, slipstream coordinate system
downwash velocity influence coefficient
propeller thrust coefficient [= T/Ap(q00 + AH)]
velocity components in slipstream coordinate system
velocity
induced velocity inside slipstream
freestream velocity
resultant velocity
swirl velocity
component of freestream velocity in z direction
slipstream coordinate system
freestream coordinate system
spanwise position of propeller centerline
complex variable Z = reld = y + iz
wing angle of attack
effective angle of attack
ideal angle of attack
propeller tilt angle
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as = flap effectiveness parameter
p = vortex strength
A = difference operator
ABn = vortex spacing on slipstream (s)
5 = inclination of slipstream vortex tube with respect to

the freestream
df = flap angle, deg
8mn = Kronecker delta
e = downwash angle
jj, = ratio UQ/US
vt = effective turbulent kinematic viscosity
p = density
<f> = velocity perturbation potential
<pf = reduced velocity perturbation potential (= n<p)
<PoT,<PiT = perturbation potentials due to wing and slipstream

horseshoe vortex systems
12 = effective turbulent origin

Subscripts
a = ideal
ijj = summation indices over wing
k,l = summation indices over the number of slipstreams
m = slipstream control point
m,n = summation indices over the slipstream(s)
o = outside slipstream
p = propeller
R = resultant
s = inside slipstream
T = induced by wing and slipstream vortex elements
oo = freestream

I. Wing Lifting-Surface Theory with
Inclined Slipstreams

A METHOD will be developed for calculating the span
loading and wake flowfield, inside and outside the slip-

stream, for a wing with inclined slipstreams representative
of tilt-wing or tilt-propeller/rotor V/STOL aircraft. The
procedure will be applied to aircraft with one, two, or four
slipstreams. For reasons of computational simplicity, the
plane of the wing will be assumed to pass through the center
of the slipstream (s) and to bisect the slipstream into upper
and lower halves. Also, for reasons of simplicity, the formu-
lation will be restricted to configurations with symmetrical
span loadings about the aircraft centerline. This eliminates
consideration of slipstream swirl for single-slipstream air-
craft, and requires that the propellers be rotating in opposite
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directions on each wing panel for the two- and four-slipstream
configurations.

Basically, the method to be developed can be considered
a combination of the inclined actuator disk theory developed
in Part I15 and the Ribner and Ellis potential theory for a
wing in an uninclined slipstream.1"3 The approach used,
as shown in Fig. 1, replaces the wing by a system of discrete
small-span horseshoe vortices with the bound vortex elements
placed along the -J-chord line (assumed unswept). The
wing vortex system will produce velocity perturbations which
in general violate both the pressure and normal velocity
boundary conditions across the slipstream interfaces. To
correct for the pressure boundary condition, a system of
horseshoe vortex elements is also placed around each cylindri-
cal vortex tube representing the boundaries of the slipstream.
Violation of the normal velocity boundary condition across
the slipstream is automatically suppressed by using a reduced
velocity potential <p's = jj,<ps inside the slipstream, as done by
Ribner and Ellis.

The tangential flow boundary condition is satisfied on the
wing at the f-chord points according to the well-known
Weissinger lifting-surface theory, e.g., Gray and Schenk.4

However, the resultant velocity now includes effects of slip-
stream inclination, swirl, and perturbations from the slip-
stream horseshoe vortex systems, in addition to perturbations
from the wing horseshoe vortex system as in Ref. 4. The
pressure boundary condition is satisfied across the slipstream
in a linear approximation, as originally suggested by Koning.5

Satisfaction of the wing and slipstream boundary conditions
leads to a system of linear simultaneous equations whose
unknowns are the strengths of the wing and slipstream vortex
elements. Subsequent solution of this system leads to the
span loading and velocity field.

A further simplification has been to take all trailing vortex
elements as straight and inclined downward to the free-
stream at the same angle 8 as the axis of the vortex tube.
It is recognized that a somewhat improved model might be
to take the direction of the trailing vortices as coincident with
the local flow angle at the particular spanwise station. Be-
cause of the additional computational complexities, it was
decided to forego this remodeling until justified by compari-
son with experimental data.

In the following sections, expressions are derived for the
wing and slipstream boundary conditions in terms of the
unknown vortex strengths. Results of the computational
procedure are then compared with test data.

Boundary Conditions

The boundary conditions to be satisfied are a constant
pressure and a constant normal velocity angle across the slip-
stream, and tangential flow7 to the effective airfoil mean line
at the -f--chord position of the wing.

Slipstream boundary conditions

The pressure boundary condition, using the incompressible
form of the Bernoulli equation, may be expressed as

2A///p = [(u, + w*r)2 + (v* + ^r)2 + <X + w«r)2] -
[(u0 + u0r)2 + (v0 + v0r)* + (w0 + woYy]

where the single subscripted velocity components are for
zero loading on the wing and give the velocity due to slip-
stream inclination [Eqs. (19) and (20) of Ref. 15]. Quan-
tities with a second subscript F refer to perturbations due
to the wing vortex system and images. Using the pressure
continuity condition across the slipstream boundary [e.g.,
Eq. (10) of Ref. 15], and also neglecting second-order per-
turbations in accordance with the usual linearity assump-
tions, the above expression becomes usu8r + v8vsr + wswsr =
u0UoT + VOVOY H- w0Woi\ This condition will be satisfied on
the slipstream in the region of the wing, for which the first

All trailing vortices assumed parallel to slipstream vortex axis and inclined at
angle 8 to x 'ax is .

Free stream (x', y1, z1)
Voo

y(l/4chord)

3/4 chord

Slipstream
(undeformed)

Slipstream vortex axis
(x,y,z)

Fig. 1 Vortex singularities for lifting-surface theory with
inclined slipstream.

terms on the left- and right-hand sides may be assumed
dominant. In terms of the perturbation velocity potentials
<PSY and (p()Y inside and outside the slipstream, this becomes

Us(d<pSY/dx) — Uo(d<p(>r/dx) (1)

which is the usual linearized pressure boundary condition
originally introduced by Koning.§ Equation (1) should be
satisfied for all x in the vicinity of the wing, and at all azi-
muthal positions 6 around the slipstream. However, follow-
ing Koning and others, Eq. (1) is integrated from x = — oo to
x = co giving

where <p,sr(— °°) = <p<>r(— °°) = 0. This allows the pressure
boundary condition to be satisfied in the Trefftz plane.
We note, however, that Eq. (2) satisfies the linearized pressure
boundary condition [Eq. (1)] in an average sense only, and
is therefore less exact.

The boundary condition on the normal velocities may be
readily generalized to include the velocity perturbations due
to the wing. Assuming that the axial perturbation velocities
are small compared to u* and u0, and utilizing Eq. (1) of Ref.
15, we obtain (d(poY/()r)/u0 = (d<p*r/br)/ws which can be
satisfied on the slipstream r = R, for all x and 6 by the place-
ment of a suitable distribution of sources and sinks of strength
proportional to the normal velocity jump. Following Ribner
and Ellis, a reduced potential ^>'.,r = (UO/U^<PSY is used in-
side the slipstream, so that the normal velocity jump is sup-
pressed. In terms of <p'«r, the pressure boundary condition
[Eq. (2)] now becomes <p'sr(<x> ,R,6) — (UQ/USY<POY(*> ,R,0).
In terms of the potential jump A<pr = <p«r — <p'sr = F(0),
where F(0) is the strength of the horseshoe vortex element
on the slipstream at azimuthal angle 0, the pressure condi-
tion finally becomes

T(0) = (1 - (3)

where it is recalled that /z = u0/u,.
In the present treatment, Eq. (3) will be satisfied at each

of M slipstream control points of azimuthal angle 6m as
shown in Fig. 1. For reasons of simplicity, the formulation
will be given for single- and two-slipstream configurations
only. Generalization to configurations with four slipstreams
is straightforward, and has been incorporated into the
machine computational procedure.

Because of the symmetry conditions discussed previously,
Eq. (3) need be satisfied only on the starboard wing panel,
and Bm can be limited to the range 0 < Bm < TT (0 < dm < w/2
for a single-slipstream configuration). Thus, we are led to a

§ The full nonlinear pressure condition has been satisfied in
the inclined actuator disk theory, Sec. II (Ref. 15).
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Fig. 2 Comparison of discrete vortex formulation loadings
and vortex strength with theory of Ribner and Ellis.

series of M equations of the form

m = 1,2, . . . , (4)

where the repeated subscript signifies a summation. The
elements Pmj- represent the contribution to the potential at
Om, just outside the slipstream, arising from the trailing vor-
tices of the/th wing horseshoe vortex element of unit strength
and centered about y = y3. Pm3 is obtained from potential
theory in terms of complex notation as

Pmj = arg(i/j + hj — Zm) — arg(2/y — hj — Zm) (5)

Here 2hj is the vortex spacing on the wing and Zm = yp +
R exp(i0TO), where yp is the coordinate of the slipstream axis.
The elements Pm(-y) represent the contribution to the po-
tential at 6m due to the image vortex system on the opposite
wing panel, and are obtained from Eq. (5) through the rela-
tion

Pm(-ri(yj,hj) = —Pmj(—yj,—hj) (6)
The elements Pmn represent the contribution to the potential
at Om from a pair of trailing vortices of unit strength located
on the upper half of the same slipstream at azimuthal angles
On ± A0n/2, and also from their images on the lower half of
the slipstream. The vortex pair at 0n = Om is included.
Because of the symmetry arising when the wing passes
through the center of the slipstream, viz., F(0») = — F(— 0n),
it may be demonstrated that Pmn reduces to

Pmn = 8mn (7)

where 8mn is the Kronecker delta symbol (see Ref. 1). The
elements P'mn occur only for multi-slipstream configurations,
and represent contributions to the potential from the image
vortex system on the upper half of the slipstream of the
opposite wing panel. Using potential theory, P'mn may be
written as

P'mn =
R

pi'fr - Bn

- 2yp] -

B exp(ift») -
Similarly, the P'm(-n-) represent contributions from the lower
half of the slipstream of the opposite wing panel, and may

be obtained from Eq. (8) through the relation

P'w(_n)(0n,A0n) = -P'mn(-en, ~A0n) (9)

Wing boundary condition

The condition that the resultant flow velocity is tangent
to the effective wing surface at the ith control point along
the f-chord line becomes, in the slipstream coordinate system,

tan[(«eff)i - 5] = -(ws/u)i, i = 1,2, . . . , 7 (10)
Here 6 is the inclination of the vortex tube representing the
slipstream (WR){ is the resultant Z component of velocity,
and (aeff)i is the effective angle of attack of the wing section
measured with respect to the remote freestream direction
Vro. In accordance with thin airfoil theory, we define a eff
as the angle of attack of an equivalent flat plate airfoil which
yields the same lift coefficient as a cambered and flapped
section. Thus, we take

= d — OLa + C la/2lT

where a is the geometric angle of attack and may vary along
the span due to geometric and aeroelastic twist, aa is the
ideal angle of attack of the section (the angle at which the
pressure at the leading edge of the cambered mean line is
finite), a8 is the section flap effectiveness parameter at zero
lift coefficient, 5/ is the flap deflection angle, and Cia is the
ideal lift coefficient, i.e., the lift coefficient at a = aa. The
parameters aa and Cia are tabulated in Ref. 6 for various
airfoil mean lines. The flap effectiveness a8 is also given in
Ref. 6 as a function of the flap/wing chord ratio.

For control points located outside the slipstreams, we take
at the i'th station

K

(12)

where (wr); is the z component of the velocity induced by all
wing and slipstream horseshoe vortex systems at the control
point, and w0k is the z velocity component due to the &'th in-
clined slipstream as obtained from Eq. (19) of Ref. 15. Thus,
the multiple slipstream effects on the basic velocity field are
approximated by superposition. A complete theory for
multiple inclined actuator disks would involve additional
interference velocities, inside as well as outside the slipstream,
and is not as yet available.

As mentioned in the previous section, a reduced perturba-
tion potential (p'r = M<£r is used inside a slipstream. In order
that the form of Eq. (10) remain invariant across a slip-
stream boundary, it is required that all other velocity com-
ponents, i.e., in addition to Wr, be reduced by a like factor.
Therefore, for control points inside one of the slipstreams,
say k = I, we take

(u)i = jJLUs = U0

(to*).-.- = (wr + /*(».)• + 17 I '̂.1 Mi +[ \-.\y 4 /pM-j (13)

(MO -

Here (ws) i is the z velocity component due to inclination inside
the Vth slipstream and ve is the swirl velocity due to propeller
rotation. Expressions for ws and ve are given by Eqs. (20)
and (41), respectively, of Ref. 15.

All quantities in Eqs. (10-13) can be regarded as known at
a particular control station except for (wr)z- Expressing
(wr)i in terms of the T(yj) and F(0n) gives
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where Sij and Sin are influence coefficients which give the z
velocity component induced at the i'th control point by wing
and slipstream horseshoe vortex elements of unit strength
and by their images. Expressions for S^ and Sin may be
obtained directly from the Biot-Savart law.7

Velocity field and downwash angles

Once the strengths of the vortex elements have been ob-
tained, the resultant velocity VR(x,y,z) in the flowfield may
be found in a straightforward manner. Outside a slipstream,
VR is found from

Untilted ducted fan, Tc"=0.46
R =6cm, c=20cm

V*« = VrCwO+ Z
fc = i

(15)

where Vrfc2/,z) is the resultant velocity induced at the point
(x,y,z) in the slipstream coordinate system by all vortex
elements on the wing and slipstreams and is obtained from
the Biot-Savart law. The velocity contributions from the
inclined slipstream are obtained by superposition, as indi-
cated by the summation over k.

Inside a slipstream the induced velocity Vr and the vortex
elements Ty must be augmented by the factor (l//z) to corre-
spond to the physical perturbation velocity and vortex
strength. We therefore obtain for VR inside the I'th slip-
stream

1 K

VR = (VR)sl = - VT(x,y,z) + Z [Vo(2/,z) - V,,]* +

[V,s(?y^)]z + [i'o(y,z)]i (16)
Of importance in the estimation of the static stability and

control of V/STOL as well as of conventional aircraft are the
dynamic pressure ratio q/qmj the downwash angle e and the
stability parameter de/da. These quantities may readily be
found from V.R. For convenience in presentation, we shall
express these parameters in freestream coordinates (xr,y'jz')
rather than in the slipstream coordinate system (x,y,z) used
in the theoretical development. The two coordinate systems
are related by a simple rotation through angle d as shown in

The dynamic pressure ratio is given by

q(x',y',z')/q~ = V*-V«/7 (17)
The resultant downwash angle e(x/

Jy/,z/) is defined as the
angle which the projection of VR in the plane y' = const makes
with Vco, and is readily obtained from Eq. (16).

The parameter de/da must be evaluated in a body fixed
coordinate system, because the tail is assumed to rotate
rigidly with the wing as the angle of attack is changed. Thus,
de/da(x',y',z') is evaluated numerically from the expression

de/da = [e(a,x',y',z') - e(a + Aa,x' +
Az',2/' ,2'+ A*')]/ A* (18)

where Ax' = z1 'Aa and Azr = — x'Aa.

Resultant force and span loading

Outside the slipstreams, the force per unit span n may be
found from the expression

n = n0(?A-) = pTfa) X Vflo(0,y,-,0) (19)
where x = z = 0 corresponds to the -J-chord line. Inside
a slipstream, because of the augmentation of the circulation
and induced velocities, we take

n = X (20)

It should be noted that n is the resultant of the local lift and
induced drag per unit span, because induced velocities have
been included in VR. The direction of n will vary across the

——— Theory, Tc"= 0
----Theory, TC"= 0.46
Data from reference 8
G No fan . ATC" = 0.46

0.80

10 2O 30 40 50
Spanwise distance y, cm

Fig. 3 Comparison of span load distribution >vith test
data, single untilted ducted fan with wing.

span, and the over-all lift force L and drag D may be obtained
by integrating the components of n perpendicular to and
parallel to Vro across the span.

The span loading n(y) must be continuous, even across a
slipstream interface, because of pressure continuity. The
circulation FQ//) is therefore discontinuous across the slip-
stream interface fa similar discontinuity occurs for F(0m)
across the wing2 ]. In the present discrete vortex formulation,
r(z/;) and F(0 /M) are not necessarily continuous, and jumps
in their values will automatically occur across the slipstream
interface as required by the boundary conditions. This is in
contrast with the formulation by Ribner and Ellis wherein
the jumps in F are explicitly prescribed and can unduly
complicate the analysis for multiple slipstreams.

FORTRAN computer program

The lifting-surface theory described in Sec. Ill has
been programmed in FORTRAN IV for the CDC 3600 digital
computer (32K core). The program was written to handle
any wing centered configuration of one, two, or four pro-
pellers, provided there is no overlap of the fully contracted
slipstreams, and provided the span loading is symmetrical
about the airplane centerline. The two- and four-propeller
cases allow for slipstream rotation.

The wing has of necessity a straight j-chord line. How-
ever, the chord length, twist, flap-deflection angle, flap-effec-
tiveness, ideal angle of attack, etc., may vary in an arbitrary
manner along the span. These span wise variables are input
in a flexible tabular form, and linear interpolation is used
throughout. A plotting option can be used to graphically
produce curves of wing span loading and contour plots of
constant downwash angle, constant dynamic pressure, and
a constant derivative of downwash angle with respect to
angle of attack. Considerable hand smoothing of the con-
tour plots is usually required, especially near slipstream and
wake boundaries.

II. Sample Calculations and Comparison
with Data

Several sample calculations have been carried out to com-
pare the present discrete vortex formulation with the calcu-
lations by Ribner and Ellis and with experimental data. A
comparison of the calculated span load distribution with that
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Untilted ducted fan
= 6cm, (C = 20cm, 2.5c behind wing leading edge

-Theory, Tc"= 0 1 _ Q Data from reference 8
———Theory,Tc"= 0.46

or

-lo.o- -— r — — — — — —

-20.0

-25.0

Data ...
o Notf an 1 Mean €

Tc"= 0.46J across slipstream

Unflagged a = 4°—
Flag a = 8°
Double flag a = 12°

2.0 4.0 6.0
Downwash angle c, deg

8.0

Fig. 4 Comparison of downwash angles with test data,
single untilted ducted fan with wing.

from Ref. 3 is given in Fig. 2 for a wing with a single untilted
slipstream. According to Ribner and Ellis, discontinuities
in the wing vortex strength are required across the slipstream
interface r = R such that T(R + 0) - T(R — 0) = (1 —
IJi2)T(R + 0) whereas a similar jump in slipstream vortex
strength is required across the wing. As shown in Fig. 2,
jumps of approximately this magnitude were obtained with
the discrete vortex formulation.

A comparison of the calculated span loadings and down-
wash angle with test data by Stiiper8 is found in Figs. 3-7.
Shown in Figs. 3 and 4 are the span loading and downwash
angle distribution, respectively, for a wing in the slipstream
of an untilted ducted fan with straightener vanes to remove
swirl effects. Good agreement is found except at a = 12°,
for which the wing has probably stalled.

A similar comparison, however, for a wing with a single
untilted propeller, is given in Figs. 5 and 6. Because the
present theory is limited to symmetrical span load distribu-

Untilted propeller, Tc"= 0.375
Rp=7.5cm, R = 7cm, c = 20cm

———Theory
o Data from reference 8

Unflagged a = 4°
Flag a= 8°
Double flag a = 12°

!O 2O 30
Spanwise distance y, err

———Untilted propeller, Tc"= 0.375
Rp=7.5cm, c=20cm, 2.5 c behind wing lead ing edge
Theory,——— y =0cm,—-— y=5cm,— —— y= !5cm

Data from reference 8
O y= Ocm , a y= 5cm, A y= 15cm

Unflagged a = 4°
Flag 0 = 8 °
Double flag a = 12°

8.0

4.0

-8.0

o -12.0

-160

2.0 4.0 6.0 8.0
Downwash angle c , deg

10.0

Fig. 6 Comparison of downwash angle with test data,
single untilted propeller with wing.

tions, slipstream swirl can only be included for two- and four-
propeller configurations. The experimental span loading
and downwash data were therefore averaged (right and left
wing panels) before being plotted in Figs. 5 and 6 for com-
parison with theory. Once again, reasonable agreement is
found, except for the highest a. A similar span loading com-
parison, but for a single propeller inclined upward 6° with
respect to the wing zero lift angle, is shown in Fig. 7. Again,
average experimental data were used.

Although many more test data are available in Ref. 8 for
comparison with theory, all data are for relatively small pro-
pellers at small inclination angles. Tests of comparable de-
tail but for propeller sizes and tilt angles more representative
of V/STOL configurations and operational conditions are re-
quired to substantiate the theory.

This requirement has been partially met by the half-model
tests of Ref. 9, wherein span loading data were obtained by
testing a segmented wing and propeller simulating a two-
engine V/STOL aircraft at large tilt angles. A comparison
between the present theory, including effects of slipstream

Tilted propeller with rotation, Tc" =0.60
Rp= l .63 f t , c= l .50 f t , b = 9.54ft, J = 0.377

Data from reference 9, figs. 24 8k 25
O a = ap = 0°a •• »y . 10;
o » " - |50
A » " -20

2.00,

-0.50
0 0.2 0.4 0.6 0.8 I 0

Normalized spanwise position y/(b/2)

Fig. 5 Comparison of span load distribution with test
data, single untilted propeller with wing.

Fig. 7 Comparison of span load distribution with test
data, single tilted propeller with wing.
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Tilted propeller with rotation TC" =0.50
Rp= 1.63ft, c = l . 5 f t , b=9.54ft , J = 0.28

Data from ref 9, figs.42 ft 43

[-Contracted slipstream—I

-pL*

Data from reference 10, figs 19 ft 20.
Measured downwash angle is tail incidence with

respect to free stream direction for zero fail
moment coefficient. .

o -0.50
0 0.2CT (X40 0^60 6780 1.00
Normalized spanwise position y/(b/2)

Fig. 8 Comparison of span load distribution with test
data: two tilted propellers with rotation, T"c = 0.50.

swirl, and representative data from Ref. 9 is given in Figs. 8
and 9. Satisfactory agreement is shown at angles of attack
and propeller inclination angles at or below 20°, for which
wing stall effects and wind-tunnel wall interference effects are
probably small. The test data at larger incidence angles
and for thrust coefficients T"c > 0.90 have not been included
in the comparison, because stall and wall interference effects
have been observed in the data.

Although no general downwash angle survey is available
for large tilt angles, i.e., on a scale comparable to that of
Ref. 8 at small tilt angles, it is still possible to obtain average
values of the downwash angle at the tail location from tail-on
and tail-off wind-tunnel test data. Such data (Ref. 10)
are compared with the theory in Fig. 10. The test model
was a yy-scale version of the XC-142 aircraft. The experi-
mental downwash angle was taken as the tail incidence angle
with respect to the remote freestream direction at which both
tail-on and tail-off pitching moment coefficients were equal,
and represents an average value across the tail span. The
theoretical downwash angle was calculated at the location
of the horizontal tail c/4 line in the plane 2/7 (6/2) = 0.325

Ti l ted propeller, Tc" = 0.58

Rp = 10.34cm, R= 9.4 cm, c =20cm
y, (aeff = or + 6.5° )

o o Data from reference 8

o

>
0

o o^x^

Fully

slipstrean

D Q
————— 0—— <

UN.

°eff= {

ap = 1

0

aP =

-O

3°

-3° ————

3°

o 1.20

•£ 1.00 ——

o 0.40 -=--

0.20 -———— ————--——

10 20 , 30 40
Spanwise distance y, cm

50

Slipstream and
wing wake assumed
un deformed

Fig. 10 Compar-
ison of downwash
angle with test
data: four tilted
propellers with
rotation, full ver-
tical wake dis-

placement.

20 30 40
Calculated downwash angle, deg

(70% of the tail semispan). Corrections were made in the
theory for the vertical displacement of the wing wake and of
the slipstream interface by shifting these boundaries an
amount equal to the calculated displacement of the wing
wake (see design charts).

As shown in Fig. 10; satisfactory agreement was found for
€ < 10°. For test conditions (a,jp"c,5/) which resulted in
downwash angles in excess of 10°, the experimental values for
e were significantly greater than calculated from theory. One
possible explanation for this disagreement is that the slip-
stream and wing wake are deformed in such a manner that
their downward displacement belo\v the vertical tail is ap-
preciably reduced. Thus, it is known that a completely
rolled-up wake is displaced downward by only 2 /Tr 2 of the
displacement of a plane vortex wake from an elliptically
loaded wing.11 Although wake roll-up generally occurs be-
hind the tail position at moderate lift coefficients and large
aspect ratios, slipstream effects might well accelerate the
roll-up process, because of the low effective aspect ratios of
the wing segments inside the slipstream. Similar results
were noted by Heyson and Katzoff,12 who observed a very
rapid roll-up of the rotor slipstream. They found that the
rolled-up vortices had been displaced downward only about
one-half as far as the calculated momentum wake.

In lieu of a complete wake theory, which includes slip-
stream deformation and wake roll-up, it was decided to correct

Experimental downwash data are the same as in fig 10.
Calculated downwash data obtained with 1/2

calculated wake displacement.

Unflagged 8f = 4D°
Flagged 8f = 60°

Fig. 9 Comparison of span load distribution with test
data: two tilted propellers with rotation, T"c =0 .60.

0 10 20 30 40 50
Calculated downwash angle, deg

Fig. 11 Comparison of downwash angle with test data:
four tilted propellers with rotation, one-half vertical wake

displacement.
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Fig. 12 Two-slipstream configuration design charts: T"c = 0.5, a = 20°, a.P = 20°, 5/ = 30% J = 0.34.

for these effects by using only one-half of the calculated unde-
formed wake displacement (or, equivalently, to shift the tail
downward by this amount). Substantially improved agree-
ment with the data from Ref. 10 was thereby obtained, as
shown in Fig. 11.

Because of the lack of sufficient test data at large tilt angles,
it was decided to forego any modification of the theory for
slipstream deformation and roll-up effects until further
evaluation and comparison with test data could be carried
out.

III. Design Charts

Knowledge of the structural, aerodynamic, longitudinal
stability and control characteristics of V/STOL aircraft re-
quires knowledge of the span load distribution and of the wake
velocity field. In order to supply the aircraft design engineer
with data for making a rational estimate of these character-
istics, design charts have been prepared for the span loading
coefficient C"n(y), downwash angle c, stability parameter
de/da, and dynamic pressure ratio q/q^ as obtained from the
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present lifting-surface theory. The results are presented
in Figs. 21-50 of Ref. 13. A typical set of design charts is
shown here in Fig. 12.

The design charts were prepared for twin-propeller and
four-propeller tilt-wing configurations with and without
flaps. The wing and flap planforms and propeller position
and size were taken similar to the Canadair CL-84 and the
Ling-Temco-Vought XC-142a aircraft for twin- and four-
propeller aircraft, respectively. The flight conditions and
aerodynamic parameters (e.g., a, apj T"c, 5/, J, etc.) were
chosen as representative of V/STOL aircraft operations in
the hover, transitional, and cruise regimes. Thus, the
figures may be considered an extension of the cruise design
charts by Silverstein and Katzoff14 to conditions wherein in-
clined slipstream effects are of significance.

The data for the charts were obtained from the computer
program described in Sec. II. Running time was approxi-
mately 30 sec/case. Considerable data smoothing was re-
quired, because the discrete vortex formulation gives spurious
results at points near the singularities. The contour plots
are presented in the freestream coordinate s}^stem (x', y'', z ' ) .

It is noted that no wake roll-up or slipstream distortion
effects are included. However, because of the large angles
of attack, effects of the vertical displacement of the wake
have been approximated by shifting the contour plots by an
amount &z(x,y) where

= rJo wR(x,y,Q)dx

This results in both the slipstream boundaries and wing
vortex wake being displaced downward by an amount equal
to the displacement of the wing vortex wake. As pointed
out in the previous section, slipstream deformation and wake
roll-up may reduce the vertical displacement from that
shown in the design charts.

The design charts include the effects of slipstream rotation,
with viscous core effects reducing the swirl velocities to zero
along the streamline passing through the propeller axis [Eq.
(41) of Ref. 15]. All computations were made with an
effective turbulent viscosity vt = 0.10 ft2/sec, as obtained
from wind-tunnel data,15 with no scaling for aircraft size.
The effective turbulent origin 12 used in Eq. (41) was taken
as 200 ft. and 400 ft. for the two- and four-slipstream con-
figurations, respectively.

IV. Conclusions

A theory has been developed for an inclined actuator disk
which satisfies the normal velocity and nonlinear pressure
boundary conditions. This theory has been used as the
basis for the development of a wing lifting-surface theory
with inclined slipstreams for application to V/STOL air-
craft in the transitional regime. The lifting-surface theory
has been programmed on the CDC 3600 digital computer.
Sample calculations have been carried out to compare with
available test data and also to present design charts of span

loading, downwash angle, de/da, and dynamic pressure in the
wake for typical V/STOL aircraft.

Comparison with test data has shown that the theory pre-
dicts the span loading and downwash angle reasonably well
for small angles of attack and small propeller tilt angle.
However, at large tilt angles, the theory (with an unde-
formed, but displaced, slipstream and wake) tends to predict
significantly lower downwash angles in the tail region than
observed from a single set of test data, possibly due to slip-
stream deformation and wake roll-up which tend to reduce
the downward wake displacement. Use of only one-half
of the calculated wake displacement gave improved agree-
ment with measured downwash angles at these conditions.
However, the lack of sufficiently detailed test data for condi-
tions representative of V/STOL transition makes evaluation
of the theory and assessment of its limitations difficult.
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